Abstract. The morphological paths towards equilibrium droplets during the late stages of the dewetting process of a liquid film from a liquid substrate is investigated experimentally and theoretically. As liquids, short chained polystyrene (PS) and polymethyl-methacrylate (PMMA) are used, which can be considered as Newontian liquids well above their glass transition temperatures. Careful imaging of the PS/air interface of the droplets during equilibration by in situ scanning force microscopy and the PS/PMMA interface after removal of the PS droplets reveal a surprisingly deep penetration of the PS droplets into the PMMA layer. Droplets of sufficiently small volumes develop the typical lens shape and were used to extract the ratio of the PS/air and PS/PMMA surface tensions and the contact angles by comparison to theoretical exact equilibrium solutions of the liquid/liquid system. Using these results in our dynamical thin-film model we find that before the droplets reach their equilibrium they undergo several intermediate stages each with a well-defined signature in shape. Moreover, the intermediate droplet shapes are independent of the details of the initial configuration, while the time scale they are reached depend strongly on the droplet volume. This is shown by the numerical solutions of the thin-film model and demonstrated by quantitative comparison to experimental results.
Introduction
Understanding the dynamics and evolution of patterns in micro-and nanoscale two-layer immiscible thin films is of fundamental importance for the design of functional surfaces for numerous applications ranging from model for tear film of the human eye [1] to instabilities during the fabrication of polymer/polymer solar cells [2] . The past decades has seen many investigations of such systems, both experimentally and theoretically. But besides of its technological relevance and its scientific interest, the indepth understanding of these processes is still superficial compared to liquid dewetting from solid substrates and quantitative experimental verification is still missing. For experimental reasons the morphology and the dynamics of liquid/liquid dewetting was typically studied using polymers as high molecular liquids. For the model two-layer system of polystyrene (PS) on polymethyl-methacrylate (PMMA), the shape of an underlying liquid (PMMA) and the liquid polystyrene (PS) rim profile dewetting from this substrate has been studied experimentally in the pioneering work of the group of G. Krausch [3, 4] . As a result, they found a characteristic shape and dewetting dynamSend offprint requests to:
ics, depending on the relative viscosity of the two liquids. The experimentally observed behavior was claimed to be in agreement with another important work by BrochardWyart et al. [5] . However, this is surprising since the dewetting velocity strongly depends on film thickness and which are not considered in [5] . However, the used polymers in [3, 4] are above the entanglement of the respective chain length and viscoelastic properties cannot be ruled out in this system. Other groups studied the breakup and the hole growth of a liquid-liquid system where the viscosity of one of the liquids is much larger than the viscosity of the other liquid [6] and in the special case, where the resulting dewetting morphologies are coated with a thin layer of the underlying liquid [7] , whereas the characteristic shape of the liquid-liquid interface was not explored in detail. Similar results on dewetting rim shapes can be found also in [6, [8] [9] [10] [11] [12] for different polymer-polymer dewetting systems. However, in none of those experimental studies the parameters are worked out well enough to allow for a quantitative comparison with theoretical results. While many of the theoretical works have focussed on linear stability analysis and numerical simulations of short time and longtime evolution [13, 14] , Golovin and Fisher [14, 15] even in the presence of surfactant [16] , a systematic comparison to experimental results for the simplest possible system will be important to build a fundamental understanding of this system.
In this study we present a quantitative comparison of experimentally obtained transient and equilibrium drop shapes to numerically and analytically drop shapes for a model system using short-chained PS/PMMA, that can be described via a Stokes model for the multiphase flow of two immiscible liquids with capillary boundaries and driven by the intermolecular forces between the liquids. In our experiments we obtain 3d dynamic and equilibrium droplets shapes by following the complete dewetting process. The relevant parameters required for the comparison with theoretical derived dynamic droplet shapes, i.e. the surface tension ratio and the contact angle, are obtained by comparing the experimental equilibrium droplet shapes to the exactly know theoretical shapes. These values are used as input parameters in our dynamic thin-film model to compare the various morphological transitions long before reaching equilibrium. Except for a short initial phase the morphology was found to be independent on the initial start conditions. This independence of the transient droplet shapes allows for quantitative comparison of the experimentally determined drop morphologies to the theoretically droplet shapes calculated using the experimentally determined input parameters.
Methods
For our liquid/liquid experiments we prepared thin polystyrene (PS) films on top of underlying polymethyl-methacrylate (PMMA) films which are supported by silicon wafers: Silicon rectangles of about 2 cm 2 were cut from 5"-wafers with 100 orientation. The pieces were pre-cleaned by a fast CO 2 -stream (snow-jet, Tectra) and sonicated in ethanol, acetone and toluene followed by a bath in peroxymonosulfuric acid and a careful rinse with Millipore TM water. On top of the cleaned silicon wafers, PMMA films were spun from toluene solution with thicknesses ranging from 80 nm to 700 nm. The dewetting PS films cannot be spun directly on top of the PMMA with the desired thickness and were, in a first step, spun from toluene solution onto freshly cleaved mica sheets with thicknesses ranging from 7 nm to 22 nm. In a second step, the glassy PS films were transferred onto a water surface (Millipore TM ) and picked up with the PMMA coated silicon substrates.
Both polymers were purchased from Polymer Standard Service Mainz (PSS-Mainz,Germany) with M w /M n = 1.03 and molecular weights of M w = 9.6 kg/ mol for PS and M w = 9.9 kg/ mol in case PMMA. The molecular weights are well below the entanglement lengths of PS and PMMA and their melts can be treated as Newtonian liquids [17] [18] [19] [20] [21] at temperatures above their bulk glass transition temperatures T G of about T G,PS = 85 ± 5 ℃ and T G,PMMA = 115 ± 5 ℃ for PS and PMMA, respectively. The glassy sample can be stored in the lab at room temperature and the liquid/liquid dewetting process is started when heating the sample above the glass transition temperature of the polymers. The dewetting experiments were typically conducted at a temperature of T = 140 ℃ resulting in viscosities of µ PS ≈ 2 kPa s for the dewetting PS and µ PMMA = 675 kPa s for the underlying PMMA film. The viscosity values were extracted from [22, 23] .
The dewetting process was monitored in situ at 140 ℃ by atomic force microscopy (AFM) in Fastscan Mode TM (Bruker, Germany). To determine additionally the shape of the liquid PS/PMMA interface the dewetting process is stopped at a desired dewetting stage by quenching the sample temperature from T = 140 ℃ to room temperature. At this temperature both polymers are glassy and the sample can be easily stored and handled. The glassy PS structures are removed by a selective solvent (cyclohexane, Sigma Aldrich, Germany) and the remaining PMMA surface with the shape of the formerly PS/PMMA interface frozen into it is subsequently imaged by AFM. The full three dimensional shape of the dewetting PS structures are obtained by combining the surfaces of the related topographies as determined by AFM as shown in fig. 1 .
Results and discussion

Equilibrium droplets
In this section we aim to characterize the subsequently used Si/PMMA/PS/air system by its equilibrium configuration, i.e. liquid PS lenses swimming on liquid PMMA supported by silicon. We will first discuss the experimental method to measure droplet shapes, give explicit expressions for equilibrium states and describe how surface tension values can be extracted from those and finally compute contact angles.
In previous experiments no change of the dewetting profile could be detected when cooling and freezing a polystyrene dewetting structure on a solid substrate, e.g. [17] . However, in our liquid/liquid system it was found that the PS/air interfaces significantly change their shape upon cooling. A PS droplet that raised out of the PMMA by e.g. 12 nm at T = 140 ℃ just raises out of the PMMA by 1-2 nm at room temperature. And as we aim at a quantitative comparison with theoretical results it is of utmost importance to clarify the origin of the shape change and to develop a suitable experimental protocol.
To observe the shape change of the PS/air interface during a temperature change, the PS/air interfaces of several droplets were measured while cooling and heating. As a first result, the shape change during heating and cooling cycles turned out to be reversible, see fig. 2 for a cooling cycle. Considering the viscosities of both polymers as well as the experimentally found independence of the droplet shape from the cooling/heating rate (tested from milliseconds to hours), a lateral equilibration e.g. according to temperature dependent surface tensions is not expected. This could be confirmed experimentally as no dependence of the in-plane radius of the droplet with temperature could be detected within an experimental error of about ±10 nm. However, the height of the droplet changes significantly showing a characteristic step in the shape change as function of temperature, see fig. 2 Even not knowing the thermal expansion coefficients precisely, as slightly different values can be found in literature, the height change of the droplet can be explained by simple model assumptions. The approximate thermal volume expansion coefficients of PS are α PS,T<TG ≈ 2 · 10 −4 , α PS,T>TG ≈ 5.5 · 10 −4 and for PMMA α PMMA,T<TG ≈ 2.7 · 10 −4 , α PMMA,T>TG = 5.4 · 10 −4 [24] . The remarkably change of expansion coefficient at the glass transition temperature is characteristic for polymers: At room temperature both polymers are glassy whereas the E module of the PMMA is larger than that of PS. Accordingly the shape of the PS/PMMA interface is expected to remain constant during the temperature increase and the entire thermal volume expansion of the PS is used to increase the height of the droplet. Reaching the glass transition temperature of PS, the PS expands almost three times faster with temperature, i.e. twice as fast as the still glassy PMMA. This change in thermal expansion coefficient thus explains the pronounced step in the droplet height for temperatures T > T G,PS . When reaching the glass transition temperature of PMMA, the expansion ratios of both polymers are again similar. Still assuming that no lateral equilibration of the lower droplet shape occurs, the height change of droplet with temperature is just slightly reduced as we still expect the difference between the linear expansion for PMMA and the volume expansion of PS, see solid line in fig. 2 (right panel) . Repeating the same reasoning assuming an isotropic change in droplet volume we have to calculate the height change of the droplet based on the linear expansion coefficients of both polymers which are three times smaller than the corresponding volume expansion coefficients. The result of this model calculation is plotted as dashed line in fig. 2 (right panel). Comparing the result of both model calculations to the experimental data we can conclude that the height change of the droplets results in fact from the thermal expansion of the polymers while the PS/PMMA interface remains about constant during this temperature induced shape change. Based on this result we validated our experimental protocol to obtain quantitative drop shapes: The top side of the droplets, i.e. the PS/air interface is imaged at the applied dewetting temperature and combined with the PMMA/PS interface measured at room temperature after removing the PS structure.
Extraction of surface tension and contact angles
Using the above validated protocol allows to measure three dimensional PS drop profiles on PMMA and to determine the contact angles and the ratios of the surface tensions from their equilibrium shapes. These values will serve as input parameters for the computed drop morphologies and could not be found in literature with the needed precision [25, 26] .
The analysis of the equilibrium drop shapes is based on the following reasoning: Liquid equilibrium droplets with constant surface-tension σ α deform an underlying liquid substrate to minimize the surface energy for fixed droplet volumes. A classical calculation shows that minimizers of E have contact angles determined by the well-known Neumann-triangle α={1,2,3}
where σ α > 0 corresponds to the surface tensions of the PS/PMMA, PS/air, PMMA/air interface for α = 1, 2, 3 and each interface Γ α has constant mean curvature H α . The normalized vector n α is tangential to the corresponding interface Γ α and normal to the contact line γ as indicated in fig. 4 . Introducing the spreading coefficient σ = σ 3 −σ 1 −σ 2 one can easily verify that equilibrium droplets as in (2) only exist if (−σ) > 0 and σ 1 , σ 2 > 1 2 (−σ). A sketch of the equilibrium configuration is shown in fig. 4 . From a measured equilibrium configuration we can thus extract the values for surface tension as follows: If for instance σ 3 is given, then one can determine the other two surface tensions from the contact angles by solving the linear equation
where θ t , θ b > 0 are measured. For contact angles θ t , θ b ≤ 90°a liquid lens has the following equilibrium shape for r ≤ a
and h 1 (x, y) = h 2 (x, y) = h ∞ for r > a. We use the radial coordinate r 2 = (x − x 0 ) 2 + (y − y 0 ) 2 and call a the radius of the droplet. We used the standard representation of interfaces Γ i by graphs of functions, i.e. Note that up to an additive constant basically h 1 (x, y) and h 2 (x, y) are the morphologies measured by the AFM, where h 2 is measured at T = 140 ℃ and h 1 after the removal of the PS by an selective solvent.
A least-squares fit of (4) to the measured AFM topography data returns the six parameters h ∞ , H 1 , H 2 , a, x 0 and y 0 . Since both interfaces, i.e. h 1 and h 2 are measured independently and the AFM can only measure height differences, h ∞ , x 0 , y 0 have no absolute value, so one might define x 0 = y 0 = 0 and h ∞ as the values set by the preparation of the PMMA layer and as determined independently. Also h 2 is measured in its liquid state and h 1 after solidification and removal of the PS by a selective solvent. Using the values for H α and a the contact angles can be directly computed via
Inserting this into (3) gives the surface tensions. Fitting spherical caps (4) to the top and bottom profiles of several droplets, see fig. 5 , we obtain a relationship between a t , a b and H 1 , H 2 , respectively which is shown in fig. 6 . For constant contact angles (6) suggests that the relationship between curvature and radius must be linear which agrees within the experimental accuracy with the experimental data.
Note that due to the magnitude of systematic and statistical errors no evidence for a deviation from a linear relation in fig. 6 could be observed.
From the linear relationship between radius and curvature shown in fig. 6 and using (6) we obtain for the top angle θ t ≈ (1.98 ± 0.07)°and for the bottom angle θ b ≈ (64 ± 2)°where the error is composed from the statistical error in the fit and the systematic error in the determination of the droplet radius. Using (3) we obtain the surface tensions of the PS/PMMA interfaces based on the PMMA/air surface tension σ 3 = 32 mN/ m at T = 140 ℃ taken from [26] . The corresponding spreading coefficient is σ = (−0.022±0.003)σ 3 = (−0.7±0.1) mN/ m.
Nonequilibrium droplet shapes
Now we are using the parameters extracted from the equilibrium droplet shapes in order to plug them into a thinfilm model and to investigate the evolution of droplets near equilibrium. Therefore we shortly explain how such a model is derived from a free boundary problem and how the corresponding partial differential equation is discretized using the method of finite differences. The question of fidelity of the lubrication approximation for the particular combination of surface tensions is beyond the scope of this paper and will be investigated in future. Since it is quite unrealistic that we can obtain sufficiently precise initial data from the experiment and use these for a numerical simulation, we first check the dependence of our results on a particular choice of initial data. Then we compare a set of simulations for a fixed initial PMMA layer thickness of 80 nm at a specific time with corresponding experiments at exactly the same physical time.
Let us consider the final evolution of PS droplets on PMMA as they approach their stationary state. The Stokes equation which describes the evolution of the free boundaries Γ 1 (t), Γ 2 (t), Γ 3 (t) by a velocity u or correspondingly the evolution of h 1 (t, x, y) and h 2 (t, x, y) has a dissipative structure with energy E in (1) and for Newtonian liquids the dissipation
After a standard lubrication approximation, where one assumes that the interfaces are shallow ∇h 1 2 , ∇h 2 2 = O(ε 2 ) for ε 1 a formal asymptotic calculation shows that h 1 (t, x, y), h 2 (t, x, y) are solutions of a fourth-order, degenerate parabolic equation. A standard method to circumvent the degeneracy of that equation and to avoid the non-smoothness of the energies is to introduce a precursor using an energy
where V h * = V h * (h 2 − h 1 ) also has the interpretation of an intermolecular potential which encodes van-der-Waals interactions and the appropriate Neumann contact angle. This leads to the following system of degenerate parabolic equations
where divergence and gradient are component-wise and with mobility matrix
(8b) and µ = µ 1 /µ 2 is the ratio of PMMA to PS viscosity. The reduced pressures are defined π j = δE h * /δh j . This expansion is only valid if ε = (−σ)/σ 2 1. All quantities above are non-dimensional and scaled using
for some height scale H = 20 nm which we define in correspondence to the initial PS layer thickness. Using the values of the surface tension and known viscosities mentioned in the methods section we obtain ε = 0.15, [x] = 133 nm, [t] = 2.1 sec, µ = 350 and σ 1 /σ 2 = 0.039. Note that in [27] some of the authors studied stationary solutions of (8) and highlighted the connection between E in (1) and E h * in (7) as an appropriate limiting problem for shallow interfaces and as h * → 0. For better readability we state the model in non-dimensional form but all results, e.g. numerical solutions, are presented in dimensional form again. The particular potential we use is V h * (h) = 2h
2 * /h 2 and typically we use h * = 1/64. Note that with such a small h * it is only important that V h * assumes its unique minimum V h * (h * ) = −1 and V h * 0 as h h * and 0 < h * 1. Furthermore our particular V h * satisfies V h * → ∞ as h → 0. With larger h * instabilities and effects related to e.g. spinodal dewetting will become more important. Note that for the model reduction to be asymptotically correct we need (−σ) = O(ε 2 ) but σ 1 , σ 2 , σ 3 = O(1). As we showed in the previous section we have 0 < (−σ) σ 2 but (−σ) ∼ σ 1 . Nevertheless, we observed, by comparison to preliminary calculations based on the full Stokes model that the lubrication approximation still yields quite accurate results. In fact, for many similar thin-film problems, see e.g. [28] or [29] lubrication approximation is still useful near or even beyond its formal validity.
In order to solve the axisymmetric system of lubrication equations (8) we use a finite difference scheme with spatial and temporal adaptivity. The spatial adaptivity is of second order and heuristically adds points near the would-be triple junction, where second derivatives become large as h * → 0. The time discretization uses a fully implicit Euler method and the temporal adaptivity is achieved with standard step-size bisection to control the error. With the exception of interpolation during a mesh adaptation the scheme conserves the mass m i = 2π R 0 h i (t, r)r dr. Boundary conditions at r = R and r = 0 are Neumann conditions for h i and π i . As initial data for our comparison we use
where the initial disc radii r 0 and heights h are choosen to match the volumes and layer thickness prepared in the experiments. Now we consider numerical solutions of the thin film equation and their evolution towards equilibrium. In particular we fist show numerical solutions with two different volumes 2π (h 2 − h 1 )r dr = {1.14, 0.07} µm 3 . For each volume we use two different initial configurations as in (9) . The strong volume dependence of the approach to equilibrium is demonstrated in fig. 8 , where a synchronization of the different solutions can be observed as time progresses to infinity.
For the biggest droplet in the first row of fig. 8 this happens only after 45 min, while for the smallest droplets in the lower row different initial data are synchronized after less than 1 min. In our numerical simulations we have also started with asymmetric initial shapes and observe a quick approach to symmetrical shapes before the intermediate stages towards equilibrium have begun, see for illustration fig. 7 Experiments vs thin-film model Using the precise knowledge of the surface tensions of our system and the weak dependence on initial data we are now able to follow the complete dewetting process to understand the stages of equilibration of a droplet by comparing these stages in experiment and simulation. For a given measurement at a certain time there is an upper bound in droplet size above which droplets are not axisymmetric with their shape strongly dependent on initial data. In practice this implies that for the used liquid/liquid system of PS(10k) and PMMA(10k) at T = 140 ℃ and realistic experimental time scales of a few days we are limited to droplets of a few micrometers in radius. For experimental reason, as explained in the methods section, it is not possible to follow the liquid-liquid interface of a single droplet on its way to equilibrium. Thus different droplet volumes were imaged at the same dewetting time and compared to the related simulations. Figure 9 shows this comparison just just after having reached the time where the drop shapes are become independent from the initial configuration. The experimental data compare quite well with the numerical solution of our lubrication model for all examined volumes verifying the extracted knowledge from the equilibrium droplets. Also for the late stages of the experiment shown in fig. 10 this proves to be true.
The remaining differences between simulation and experiment for larger times are suspected due be caused by possible slip effects at the substrate/PMMA interface, or intermolecular forces between the substrate and PMMA, which we so far have neglected in our model. This will be subject of our future investigations.
Conclusion
In this paper we considered the slow evolution of liquid PS droplets on liquid PMMA substrate into equilibrium. We extracted surface tensions from equilibrium morphologies, which was necessary for two reasons: Firstly, the values found in literature depend on temperature and molecular weight, whereas the parameter regimes studied in literature do not overlap with ours, i.e. T = 140 ℃ and M w ≈ 10 kg/ mol for PS and PMMA. Secondly, the sign of the spreading coefficient depends sensitively on the precise value of the surface tensions and is crucial for quantitative comparison.
The surface tension data obtained by this precise validation experiment is then used to compare experimentally measured surface/interface profiles with the ones obtained
